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Abstract

We prove the theorems and lemmas stated in [2]. The most significant results among all
are: (1) termination and determinacy of pattern matching, which guarantees that the pattern
matching algorithm always yields just one result (thus, a program does never falls into an
infinite loop during pattern matching), and (2) soundness and completeness of the typing rules
for pattern matching, which guarantee that our type system infers all and only possible strings
bound to the variables in a pattern.

1 Preliminaries

We repeat the formal definition of A™ [2] in Figure 1-5, so that readers can refer to it when
necessary. Throughout this paper, we assume that all patterns are standardized [1] beforehand.
Standardization, in a word, “pushes away” the empty string ¢ outside of a pattern P. That is, if
¢ matches P, the standardized form of P becomes ¢ | P~ where novar(P~) = novar(P) NE&. For

example, a* is standardized to € | aa* and (a*)* to € | aa*((aa*)*).

2 Determinacy and Termination of Pattern Matching

2.1 Overview of the Proof

Proving the termination property of pattern matching is not as simple as it may seem. A naive ap-
proach such as induction on the structure of patterns does not work, because patterns are not struc-
turally reduced in (M-Rep) and (M-Seq-Rep). Instead of proving the property directly, we introduce
another matching algorithm that calculates all possible matchings along with the first/longest one.
This idea owes to [3], with a minor change in that we require the pattern to be standardized in
order to ensure termination. The new algorithm intuitively works as follows: it receives a set of
pairs (s, ) of a string and a substitution as the input, and returns another set of pairs (s’,0’). Here,
each output string s’ is constructed from some input string s by removing a prefix that matches
the pattern (thus, s = s”s’ for some s” that matches the pattern). ¢’ in the output is similarly
constructed from some 6 in the input by adding new substitutions for the variables that appear in
the pattern.



M (term) =z (variable)
| fix(f,x, M) (recursive function)
| MM, (function application)
| s (constant string)
| My~ M, (string concatenation)
|  match M with P, = M |---| P, = M, (pattern matching)
|  print M (standard output)
P (pattern) == s (constant string)
| PP (choice)
| zasP (variable binding)
| P (repetition)
| PP (sequence)
Figure 1: Syntax
v (value) n= fix(f,z, M)
| s
C[] (evaluation context) := []M
| of]
R
]
| match []Jwith P, = M |---| P, = M,
| print ||
R-App R-Cat
fix(f,x,M)vi[v/x][fix(f,x,M)/f]M( ) sfszisl—f—sz( )
Vi<m.s>PFP=1 s>P,=0 0#1
————(R-Print) . - # (R-Match)
print s — ¢ match s with P, = M, | --- | B, = M,, — 0M,,
My 5 M.
L2 (R-Ctx)
C[M;] = C[M3]

Figure 2: Operational Semantics of Terms




s# s

(M-Const-Succ) (M-Const-Fail)

s>s=10 s>s = L
s>PL=0 0+#1 M. ChoiceFst s>PL=1 s>P=140 M.Choice-Snd
S>P | Py=0 (M-Choice-Fst) s>P | Pp=0 (M-Choice-Snd)
s>P =10 (M.Bind) SDPP*|€:>0(MR )
s>ras P=>0W{zr—st o s>P*=0 P

32_151 not exist
s1> 8P = 1

82_181I>P:>9
s1> 8P =10

(M-Seqg-Const-Succ)

(M-Seq-Const-Fail)

s> P Ps ’ PP =0
s B> (Pl | PQ)Pg =0

(M-Seq-Choice)

y € var(P1Py) s1> Pi(y as P2) = 0W{y — sa}
510> (z as P)Py = 0w {x > 5155}

(M-Seq-Bind)

s> (Plpl* ’E)Pg =0
s> PPy = 0

s> Pl(PQPg) =0
s > (P1P2)P3 =0

(M-Seqg-Rep)

(M-Seq-Seq)

Figure 3: Operational Semantics of Patterns

T

T

(type) = nln
| T
(string type) == s [s] = {s}
| T[T [T1 T3] = [T V[T7]
| T IT*] = {si+--+splsi€[T](i=1,...,n)}
‘ T Ty [[TlTQ]] = {81 + S2 | S1 € [[Tlﬂ N 89 € [[Tg]]}
| Tin E VARR E]] = [N n[Tz]
‘ T NTy [[T1 N Tg]] = [[Tl]] \ [[TQ]]
| T [T7'T] = {8 |sc[Ti]As+s €[]}
| Tyt [MTyY] = {s|s+s c[Ti]As €[]}

Figure 4: Syntax and Semantics of Types




[T1] € [T3] <t mn<t T1<T

(S-Str) (S-Fun)
h<T TlgTQST{ETé
F,fZTlgTQ,IZTll—MITé,T/
I'(z) = <1 T LT
T@=7 vy 2o - = (T-Fix)
Phaire Ik fix(f,x, M) : 1 — To,¢
Mm-S, T
My :75,Ty 75<m
T-A ——(T-Const
TF M, LT AP g o (T-Const)
UM :T,T, Tk M:T,T THM:T,T .
2 7 (T-Cat) , (T-Print)
I'EM " My : WD, TIT) I'+print M : e, T'T
TEM:T,T

T ~ Py = Ty, warn of redundancy if T,,, N novar(P,,) < ()
O, T b Myt 7, T, Tng1 = T N novar(Py,) (m=1,...,n)
Tn+l S @

T-Match
Fl—matcthithP1:>M1\-.-|Pn$Mn:T1\"'\TmyT'(T{|"‘|T&)( ach)

(IT),P) el Vax e dom(T) = var(P).T'(z) =0
n-7T~P=T

(P-Mem)

MET~ 5= Q(P—Const)

I-T~ Pp=T17 IFTNnovar(Py)~ Py =T5
Vo € dom(T") = dom(I'1) = dom(T'2).T'(z) =T'1(z) | T2(x)
IFT~ P [P=T

(P-Chioce)

[MFT~ P=T (g LELILPE T~ PP o=t
IFT~zas P=>Tw{z:D(P)NT} M T~ P* =T

(P-Rep)

I-sT~P=T T~ PPy | PPy=T
(P-Seq-Const)
O+T~ sP=T O-T~ (P | P)Ps =T

(P-Seq-Choice)

V([T],P) e .y € var(P) y & var(PiPy) IIFTy~ Pi(y as Po) = TWw{y: T}
T~ (zas P)P,=Tw{z:T(P)NTiTy '}

(P-Seq-Bind)

H&J([[T]],Pl*PZ)FT«»(PlPl*\E)Pgél“(PS Rep) I+ T~ P (PP;) =T
T~ PP =T OERP) T T S (P Py)Ps = T

(P-Seq-Seq)

Figure 5: Typing Rules




S>s= {(5—13/’9) | (s,0) € S} (SM-Const)

SDPljSl
S>P=5 S>P=5 Si > Py = Sy
M-Choi M-
S P | Py= 51USs (SM-Choice) g5 — g (SM-Seq)
S ={(s,0' W {55} |
,0) e SA{(s,0)}>P=S5N(,0)es
=) .00 e,0) }(SM-Bind)

S>xas P= 5"

S>P=S5 S #0
SDPZM)(SMR NoMore) Si > P*= S,
S pr o g o ePTRORTore S>P = SUS,

(SM-Rep-More)

Figure 6: Set-Based Pattern Matching

The proof proceeds as follows: we first prove the termination (and determinacy) property of
our new set-based matching, and then, show that the new matching algorithm (S > P = S') is
actually compatible with the original one (s> P = 0). Therefore, the desired result immediately
follows.

2.2 Definitions

Definition 1 (Set-based Pattern Matching). The set based pattern matching S > P = §’,
where S and S’ are sets of pairs (s,0) of a string and a substitution, is defined as the least relation
derivable by the rules in Figure 6.

Definition 2 (Weight of Patterns). The “weight” of a pattern P, written ||P||, is defined in-
ductively on the structure of P as follows:

Isll =1
1P| = 2 [[Pr] + || Pl
1PL] Pof| = [[Pr]] + [[ P2l + 1
|lzas P|| = 1+]||P]|

1Pl = 1+]P|

Definition 3. We write len(S) for the maximum length of strings in S. That is, len(S) = (n}oz)xxsls]
s,0)e

Definition 4. We write S|, for the set {0 | (s,0) € S} of substitutions paired with s in S.

2.3 Proofs

Lemma 5. If S>P = S and S = S; U Sy, then S; > P = S}, So > P = S, with §" = S} U SS,.
Conversely, if S; > P = S}, So > P = S5 and S' = 5] U S}, then S1 US> P = 5.

Proof. Straightforward induction on the derivation of S > P = §'. O



Lemma 6. If {(s,0)} > P = S, then ss' ' € [novar(P)] for each (s,0') € S.

Proof. Straightforward induction on the derivation of {(s,0)} > P = S. We use lemma 5 if
S1 > P = S and |S;1| > 2 in applying the induction hypothesis. O

Lemma 7. If sy > P and s9 > P», then s1s9 > Py Py. Conversely, if s > P; P, then s; > P; and
S9 > Py for some s1, s such that s = s;ss.

Proof. Induction on the lexicographic order of the pair (||Py||, |s1s2|).

Case P = s:
s1 0> s if and only if 1 = s. By the definition of (M-Seq-Const), ssa > sP; if and only if so > Ps.

Case P, = P™*:

Suppose s9 > P». If s; = ¢, then the statement trivially holds. Otherwise, by the induction
hypothesis, if s; > P'P™*, then s11 > P’ and s12 > P™* with s11812 = s1. Since we assumed patterns
being standardized, s11 # € thus |s1282| < |s182|. Therefore, s1282 > P™* Py and s1181282 > P'P™* P,
by the induction hypothesis. As the conclusion, sjse > P* P, by the definition of (M-Seq-Rep).

Other Cases:
Similar.
Od

Lemma 8 (Determinacy and Termination of Set-based Matching). For arbitrary S and
P, there exists a unique S’ such that S > P = S’ (under the condition that P is standardized).

Proof. The proof proceeds by the induction on the lexicographic order of the pair (||P|],len(S)).
We only show the proof for P = P;. Other cases are not difficult. Note that ¢ ¢ [novar(P)] since
we assumed P being standardized without loss of generality.

By the induction hypothesis, S > Py = S’ for a unique S’. Suppose len(S) = 0 and thus
V(s,0) € S.s = . Then, from lemma 5, 6 and € ¢ [novar(Pp)], S" = 0 follows. We can thus derive
S > Py = S by (SM-Rep-NoMore). If len(S) = n > 0 and S’ # 0, then len(S") < n since Py is,
again, standardized. Therefore, by lemma 5 and 6, each (s',0") € S’ satisfies s”s’ = s for some
(s,0) € S and s” € [novar(Py)] . Then, by the induction hypothesis, there exists a unique S” such
that S’ > Py = S”, with which we can derive S > P} = S US” by (SM-Rep-More).

O

Lemma 9. If {(s,0)}>P = S and S|, # 0, then there exists a unique 6 € S|, such that s>>P = 6.
Otherwise, s> P = 1.

Proof. We prove the following stronger statement. If S > P = S’ and 5’|, # 0, then for some
(s,0) e Sand 0" € S|, s> P = 0" (# L) with ¢ = 0w ”. Furthermore, ¢’ is unique with
respect to 6. If S’|_ =0, s> P = L for all (s,0) € S. The proof proceeds by induction on the
lexicographic order of the pair (||P]|,len(S)). We only show the cases of P = P, P, and perform
further case analysis on the structure of P;. Other cases are easier.

Case P; = sq:
Suppose S > P; = S and S; > P, = So. By the definition of (SM-Const), S = {(s17's,8) |
(s,0) € S A sy 'sexists}. By the induction hypothesis, if Sy # 0, then there exists a unique



0’ € Sy, such that s> P, = 0" (# L) and 0’ = W6 for some (s,6) € S;. Otherwise, s> Py = |
for all (s,0) € 5.

Case Pl = Pll ‘ P12:

By the definition of (SM-Choice), S1 = S11 U S12 where S > Py; = S1; (i = 1,2). Therefore
by lemma 5, Sy = So1 U Sog where Si; > P = So; (i = 1,2). By the induction hypothesis,
s> PPy = 0" (# L) for some (s,0) € S if and only if Sy;|. # 0, with a unique 6’ € Sy;|. such
that 0/ = 0w 60" (i =1,2). Thus, s> (P11 P) | (Pi2P,) for some (s,0) € S if and only if Sy, # 0.
The statement of the lemma follows from the definition of (M-Seq-Choice).

Case P1 = P11P12:

By the definition of ||P||, || P11 (Pi2P2)|| < ||(P11P12)P2||. Therefore by the induction hypothesis,
if S> Pp = Si1, S11 > PpoPy = Sé and Séls 75 0 (: @), then s > Pll(PlQPQ) = 6" (75 J_)
(s > P11(Pi2Py) = 1) for some (s,0) € S, with a unique 6’ € S5|, such that § = 0 W 6",
respectively. By lemma 8 and by the definition of (SM-Seq), S5 = Ss.

Case P, = z as P":

Note that ||[(z as P')Ps|| > ||P/(y as P)|| by the definition of ||P||. Suppose S > P’ = S
and S| >y as Py = S, where y ¢ var(PyP). Then, by the induction hypothesis, if S5|. # 0,
there exist some (s,6) € S and 6y € S, |, such that s> Pi(y as P») = 03(# L) and 62 = 0 & 05,
in addition, 6, is unique with respect to (s,#). By the definition of (SM-Bind), 62(y) = s; for
some (s1,04) € S such that s; is a suffix of s. Therefore, by the definition of (M-Seq-Bind),
s> (v as P')Py = 04 W {x — ss1 '} where 04{y — s'} = 05 for some s'.

Case P, = P'*:

If S>> P’ = () and thus St> P™* = S, then the statement immediately follows from the induction
hypothesis. If S 1> P’ = S| # (), then s > P’ for some s € S and since we assumed P’ being
standardized, len(S1) < len(S). Therefore by the induction hypothesis, if S; > PP, = S and
Sal. # 0, then sy > P™* Py = 63 for some (s1,6) € S1 and 63 € S2|,.. Note that var(P’) = () since we
allow substitutions to be extended only conservatively. Therefore s is a suffix of some (s,0) € §
and thus ss;~! > P’ = () by the induction hypothesis. As the conclusion, the statement follows
from lemma 7 and from the definition of (M-Seq-Rep).

a

Lemma 10 (Determinacy and Termination of Pattern-matching). If s> P = 6 and s>
P = ¢, then § = ¢#'. s> P if and only if s € [novar(P)]. Conversely, s > P = L if and only if
s ¢ [novar(P)].

Proof. Immediately follows from lemma 8 and 9. O
Lemma 11. If s> P then s € [novar(P)]. if s> P = L then s & [novar(P)].

Proof. Straightforward induction on the derivation of s> P = 6. O
Lemma 12. s> P <= s € [novar(P)].

Proof. Immediately follows from lemma 10 and 11. O



3 Soundness and Completeness of Type Inference for Pattern
Matching

3.1 Overview of the Proof

Since the proof of soundness and completeness property is rather tricky, we first explain briefly how
it proceeds. Then, why cannot we prove it in a straightforward manner? The essential reason lies in
the existence of IT of memoization set. Remember, what we want to show is that “If ) - T'~ P =T,
then each I'(x) of inferred type of = exactly agrees with the set {8(z) | s € [T]As>P = 0A0 # L}
of strings which can actually be bound to x.” Notice that we cannot naively proceed by induction
on the derivation of ) = T~ P = T, because II may become non-empty at (P-Rep) etc. where
the induction hypothesis cannot be applied. Neither can we simply strengthen the statement to,
say, “If Il =T ~» P = T then ...” because II may contain any “garbage” which interfere with the
derivation. Below is an example of the case in which such garbage breaks the property (against the
D part):
([ab]. a(y as b)) € {([ab], a(y as b))}
{([ab],a(y as b))} F ab~ a(y as b) = {y : 0}
{([ab],a(y as b))} F ab~» (x as a)b = {z : 0}

(P-Mem)

(P-Seq-Bind)

Here, the inferred type of variable x is (), but an instant observation tells us it should be a (or
supertype of it, if we only care about the D part). Taking these facts into account, we must ensure
that II does not contain such harmful garbage at each step of derivation. To do so, some extra
definitions are required including new derivation rules and predicates on II. They are introduced
informally in following paragraphs.

First of all, the typing relation IT - T ~ P = T is extended to Il - T ~» P = T';II' to record
the set of pairs ([T, P) of a type and a pattern which are actually used during the derivation. The
whole revised rules are defined in Figure 7. Our new definition has two major changes compared
to the old one: (1) the new rule returns II' of a set of pairs ([T, P) which were used by (P-Mem)
on the top of derivation and (2) repetition and choice patterns are directly expanded as shown
in (RP-Rep), (RP-Seq-Choice) and (RP-Seq-Rep), for brevity of the proof. It is not difficult to
observe the new rules and the old ones are compatible to each other.

Secondly, two predicates on II are defined which states IT has desirable properties: (1) the well-
formedness of II (with respect to a type T' and a pattern P) on the bottom of derivation, written

1I DPQ T, states that II contains nothing harmful for T" and P of current interest in derivation of
II+T~ P=T;Il', and (2) the well-consumedness of used pairs II (with respect to a type T') on
the top of derivation, written IT — T and used in the form of II NII' — T, states that elements in
IT were used only in a way that does not destroy our soundness/completeness property.

P
Then, the proof proceeds as follows. (1) We show that if II o<t 7" holds at the derivation of
II+T ~ P = T;II', then the same property holds at the next step of derivation (i.e. if IT seems
to contain nothing injurious at the starting point, none of its elements suddenly become injurious
P
in remaining derivation!), and (2) if Il = T ~» P = T[;II' and II < T, then TN II" — T holds
(i.e. a derivation started with a well-formed memoization set would use only desirable elements in

P
it). To tie the I > T (well-formedness) and ITNITI" — T (well-consumedness), we employ another
auxiliary relation IT < II' = T ~» P as in Figure 8.

P
In fact, the definition of II 51 T were chosen to be invariant, in an ad hoc manner



P
Finally, we prove the main statement: if I = 7'~ P = I';II' and II &1 T, then soundness and

completeness are satisfied (in a slightly strengthened form taking elements in I into account).
3.2 Definitions
Definition 13 (Expansion Relation between Patterns). The “expansion relation” between
P and P’, written P 2 p! , is defined as follows:

pLp

P'=Pf NP = P{P' Ne £ novar(P]) < novar(P;) for some P;, P| or

P’ = PPy NP = P/P{P, Ne £ novar(P]) < novar(P;) for some P, P, and P|

This relation roughly states “P’ has a repetition pattern P; in its head and P is obtained from P’
by expanding that head-position repetition into Py P;.” Note that P’ needs to be standardized for

P 2 P’ to hold for some P.

Definition 14. We define a partial order C between types as follows:
TCT «— 37T <17"'T

We write T C T when TC T and T # T’
This relation states that T is semantically compatible to 7" with some prefix removed. Examples
are:

ab C aab since ab = a~laab
a* C a* since a* = a~'a* (aa)"'a*,... etc.
ab [Z abb since there exists no 7" such that ab = T~ 'abb
Remark 15.
TCT =T1T"'TCT
T<TANT'CT'=TCT"

Definition 16 (Range of z in P with respect to 7). We write R(z, T, P) for the set {0(x) |
se[T)As>P = 60AN60# L} of strings which can be bound to z (z € var(P)) when a string of
type T' matches P.

R(z,T,P)={0(z) | s€ [T]As>P =0A0#£ 1}

Definition 17 (Range of x in IT with respect to 7'). We write R™*"(z, T, II) for the union
of sets of R(z, T, P) where the pair ([T], P) is included in II.

R™™z, T, = |J (R(z,T,P))
([T],P)enl

Definition 18. We write II(T") for a type which satisfy the following equation:

mnl= {J ([novar(P)])

([17,P)ell



RP-Const
Hl—T«»s:>@;@( onst)
H"T’\/%P1:>F1;H1 HI—Tﬂnovar(Pl)ngéfg;Hg
Vz € dom(I") = dom(T'1) = dom(T'z). I'(z) =T'1(z) | T2(x)

HFT'\API‘P2:>F;H1UH2

(RP-Choice)

=T~ P=T;1I
n-T~zas P=Tx:T(P)NT; IV

(RP-Bind)

Ow{([T],P*)} - T~ PP* = 0;11;
IM-TNPP*~e= 0;lly wvar(P)=10
IIFT~ P*= (;1I; UII,

(RP-Rep)

I+ s T~ P=T;IT
IIET~ sP=T;II

(RP-Seq-Const)

T~ PP, =111
II+ T N novar(PyPs) ~ PPy = T'9; 11,

Vz € dom(I") = dom(I'1) = dom(I'2). I'(z) = T'1(z) | T2(x) (RP-Seq-Choice)

IIET ~ (Pl | PQ)P3:>F;H/

V([T],P) € L.y & var(P) y & var(P1P2)
IM-T~ P(yas Po) =T,y :T;1I
I-T~ (ras PP, =T,z :T(P)N(TT1);

T (RP-Seqg-Bind)

Iw ([T], PfP2) b T ~ (PLPf)Py = T'y;11
I1 =T N novar(P1 Py Py) ~ Py = T'y; 11y
Vo € dom(I") = dom(I'1) = dom(T'z). I'(z) =T'1(z) | T'a(x)
II=T ~ PI*PQ = I';1I; UIls

(RP-Seqg-Rep)

I+ T~ P (PyP3) = T; I
=T~ (P1P2)P3 = F;H/

(RP-Seq-Seq)

(IT],P) el Vax € dom(T') = var(P). I'(x) =0
I-T~ P=T;{(T],P)}

(RP-Mem)

Figure 7: Revised Typing Rules for Patterns
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Remark 19. If II(T') = 0, then R™™ (z, T, II) = {).

Definition 20 (Well-formedness of II). We call a II is well-formed with respect to T" and P,
written II D]ZI T, if and only if
Y([T], P") € 1L

.TCT and
2.TCT = ||P|| <||P| and

3.T=T = ||P||<||P||VP2P) and
4. (I\ {([T"], P)})(T") = 0

Intuitively, well-formed sets are those obtained during a derivation that started with IT = (). The
well-formedness is not always a necessary condition of soundness and completeness. For instance,
the following derivation IT - a ~ z as a* = {z : a} is still sound and complete with, say,
IT={([a], <), ([a],d)}. Nevertheless, we neglect such overgeneralization for simplicity.

Definition 21 (Well-consumedness of II). We call a II is well-consumed with respect to T,
written II — T, if and only if

if ([T7],P’) € II then
L (I A([T], PON(T) = 0 and
2. if P' = P, P, then novar(P)) 1T =T A var(Py) = ()

Definition 22 (Valid Connection of II,1I"). We call IT and II' being wvalidly connected with
respect to the derivation II = T ~ P = I;II', written II — II' = T ~» P, if and only if
Il — II' = T ~ P is derivable by the rules in Figure 8.

3.3 Proofs
Lemma 23. For arbitrary I" and P, I'(P) < novar(P) holds.
Proof. Straightforward induction on the structure of P. O
Lemma 24. For each variable x € var(P,) of a pattern Py P», R(z, T, P; P2) C R(x, novar(P;)~ 1T, Ps).
Proof. Suppose s € R(z, T, P; P2). Then, by definition,

s€{0(x)|s e[T]Ns'>PP=0(# 1)}
By lemma 12 and definition of semantics of types, this is equivalent to

se{0(x) | si1s2 € [T] A s1 € [novar(Py)]
Nsg > Po = 9,(7é J_)
NS189 > PPy = 9(7& L)}

Then, we can show that there always exist appropriate s; and so such that s;s9 = sAs1> P A

So > Py = 0'(# L) AVx € var(Py).(0'(z) = 0(x)), by straightforward induction on the derivation
of s> PPy = 0.

Od
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(77, Py e T {(I71,P); =T
0 {([T],P)}FT~ P

(VC-Const) (VC-Mem)

H—QFT~ s

N—IL1FT~ P Iy FTNnovar(P;)~ Py
H%HlUﬂgl—T’\ﬁpl‘Pg

(VC-Choice)

N—II'+-FT~P
I—II'+tT~xas P

(VC-Bind)

M {([T], P*)} < I - T ~ PP* | ¢

0ol F T~ P (VC-Rep)

N—IFsIT~P
MI—T'+T~ sP

(VC-Seq-Const)

II — H’ T~ Pl(P2P3)
II—1II'+T~ (Plpg)Pg

(VC-Seq-Seq)

N—IIL1+T~ PP II—=IlhbETnN novar(Png) ~ P P3

_Seq-Choi
I I F T~ (P | Py)P; (VC-Seq-Choice)
I—I'FT~ Py as P)
V([T], P) € .y & var(P) y & var(P1Pa)
H‘—>H’|—TM(J,‘ as Pl)PQ

(VC-Seq-Bind)

IT — IIy - T N novar (P Py Py) ~ P
I—ILUllp-T~ PfPy

(VC-Seq-Rep)

Figure 8: Derivation Rules of Valid-Connection Relation
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Lemma 25. For arbitrary 7, P, if [I = T ~» P = I'; I’ and II T hold, then IT — II' - T ~» P.

Proof. Induction on the derivation of II - T ~» P = T';II'. We only prove the following cases:
(RP-Mem), (RP-Const), (RP-Bind), (RP-Seq-Rep) and (RP-Seq-Const). The proof proceed by
the case analysis on the final rule in the derivation.

Case (RP-Mem): Vacuously satisfied since II £ T does not hold.

Case (RP-Const): Trivial. II < () - T'~» s always holds for arbitrary II, T" and s.

Case (RP-Bind): Suppose II R P T. Then, II(T) = (), because by the definition of rz, there

exists no P’ that satisfy (x as P) 2 P'. Since ||z as P|| > ||P||, II £ T also holds. Therefore the
statement follows from the induction hypothesis.

Case (RP-Seq-Rep):
By the definition of me, there exists no P such that PP 2 P, thus II(T) = (. Therefore, if
T N novar(PyPfPy) = T, then 11 2T novar(Py P} P2) also holds. If T'N novar(Py Py P) # T,
then, by the definition of II l; T and C, we can conclude T' N novar(PPyP;) T T’ holds for
all([T'], P’) € I1. Thus, II MAT N novar (P P P2) also holds in this case.
PP Py

We assumed patterns being standardized, which implies e € novar(Py), thus IIW{([T], P P2)} <
T obviously holds by definition.
Therefore, we can apply the induction hypothesis on both branches of the derivation.

Case (RP-Seq-Const):

Suppose 11 % T and (IT],P) € 1 for some P’. Then, P’ satisfies sP 2 p , which implies
there exist some P and Pj such that s < novar(P;) and P = P’ = (P5)*P{. There are two

possibilities. (1) If s7'T # T, then II £ 51T holds because s~ C T’ and [|P|| < ||P’|] hold
for each ([T'],P’) € II. Therefore, the statement follows from the induction hypothesis. (2) If
sT'T =T, then (s*)™'T =T since T = ¢ 'T = s7'T = (ss)"'T = ..., which implies IT — T and
([T], P’") € II. Therefore, the derivation proceeds by using (VC-Mem).

The other cases are similar. O
Corollary 26. If )T ~» P = I';1l', then ) — II' = T ~» P.

Lemma 27. For arbitrary II, II', T and P, if II ST and T e T - T~ P, then IINII' — T.
Proof. Straightforward induction on the derivation of IT < ITI' - T ~» P. O
Corollary 28. For arbitrary T and P, if I+ T ~» P = T';II' and II 2 T, then IINTI' — T.
Lemma 29. For arbitrary 7" and s € [T], if 0 - T ~ P = I';II', then s> P <= s € [['(P)].

Proof. We prove the following stronger statement: for arbitrary 7" and s € [T], if I+ T ~ P =
;11 and 11 & hold, then s > P <= s € [I'(P) | (ILNTI")(T") N novar(P))]
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The proof proceeds by induction on the derivation of II - T ~» P = I';II'. We perform case
analysis on the final rule in the derivation of [T+ T ~» P = I";1I'.

Case (RP-Mem):
Immediately follows from lemma 12, since s>>P <= s € novar(P) = {([T], P)}(T)Nnovar(P).

Case (RP-Const):
Case (RP-Rep):
Immediately follows from lemma 12 and T" = ().

Case (RP-Seq-Choice):
(P1|P2)P3 (PIPS)‘(P2P3)
IfII° > T, then II B T also holds. Therefore the statement follows from the

induction hypothesis since I'((Py | P2)P3) =T (P Ps) | (P2P3)).

Case (RP-Seq-Const):
Case (RP-Seq-Seq):
Similar to (RP-Seq-Choice).

Case (RP-Bind):

If 11 4 T, then II £ T also holds. By the definition of (RP-Bind), IT + T ~» P’ = I";II' where
I =T,z : T'(P')NT. By the induction hypothesis, if s € [T], then s> P «<— s € [I'(P) |
(IINTI)(T) N novar(P"))] <= se [T NI'(P) | (IINII)(T) N novar(P’))]. Finally, it is trivial
that s> P/ < s>z as P'.

Case (RP-Seq-Bind):
(z as P1)Ps Pi(y as P»)
Suppose I1 D T. Then, II [ T also holds. Therefore Il — II' - T ~ Pi(y as P)

by lemma 25. By the definition of (RP-Seq-Bind), Il - T ~ Pi(y as P») = I,y : T';1I' where
F=0"z:T(P)N(TT').

We can show that 77 < I"(P,) holds by straightforward induction on the derivation of IT - T" ~»
Pi(y as Py) = I;II', therefore,

s> Pi(y as P») =0

by the induction hypothesis
se [(P)(T'NT(R)) | (IINT)(T) N novar (P P2))]
se [(D(P)T' NT(P)T(P)) | (IINII)(T) N novar(P P2))]
se [T(P)T' NT(P)T(R)) | (IINI)(T) N novar(PyP))]
se [D(P)T'(P) | (IINII)(T) N novar(PyP))]

because s € [T] C [TT'~'T'] C [TT'~'T"(R)]
s€ [TT'T(P) NT(P)T/(R) | (IINTI)(T) N novar(PyPy))]

1ty 41107

se€ [(TC(P) NnTT'-HI'(PR) | (NI (T) N novar (P Py))]
se€ [T(P)NTTHI'(R) | (TWNI)(T) N novar(PyPy))]
= [I((x as P1)P2)) | (IINTII')(T) N novar(PP))]

Conversely, if s € [['((z as P1)P2)) | (IINIT')(T)Nnovar(Py P,))], then s € novar((x as P)P) <
s> (z as P1)P, by lemma 12 and 23.

Case (RP-Choice):
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By the definition of (RP-Choice), [T+ T ~» P; = I'1;II; and IT F T'Nnovar(Py) ~ Py = Ty; 11,
where I'(z) = T'1(z) | T2(x) (Y € dom(T)), II' = II; U Is.

We have two possibilities in deriving s > P; | P». (1) s> Pi: in this case, we can conclude,
from the induction hypothesis, that s > P, <= s € [['1(P1) | (ITNIL)(T) N novar(P1))]. (2)
s> Py = 1 and s> Py = 0: in this case, s ¢ [novarP1] by lemma 12, thus s € [T N novar(P)].
Therefore, by the induction hypothesis, s> P, = 0 <= s € [['2(P2) | (IINIL)(T) N novar(Pe))].

Consequently,

s>P | Po=0
— se[[1(P) | To(P) | (INT)(T) N novar(Pr)) | (TTNT)(T) N novar(P))]
— se[l'i(P) | To(P) | (IIN Iy UIle))(T) N novar(Pr)) | (IIN (I UIL))(T) N novar(Py))]
— se[Mi(P) | Ta(Py) | (1N (T UTL))(T) N (novar(Py) | novar(F;)))]
— se[N(P) | Ta(B) | (TNTO)T) N (novar(Py | Po))]
= s € [[1(P) [T1(P) | To(Pr) [ To(P2) | (IINIE)(T) N (novar(Py | P2)))]
< se[l(R) | D) | (INIF)(T) N (novar(Py | P2)))]

Conversely, by lemma 12 and 23, if s € [I'1(P2) | T2(P1) | (LINIT)(T) N (novar(Py | P)))] then
s € [novar(Py) | novar(P,)] <= s> P | P, = 0(# 1).

Case (RP-Seq-Rep):

By the definition of (RP-Seq-Rep), I W ([T],PfP) - T ~ (PiPf)P, = T';;II;, I - TN
TZO’UCLT(Plpl*) i P2 = FQ; H2 where H, == H1 U Hg, F(Pl*PQ) = Fl(Pl*PQ) | FQ(PI*PQ)

There are two possibilities with respect to IIy. (1) ([T], PfP2) ¢ II;: in this case, similar
discussion to the case of (RP-Choice) holds. (2) ([T], P; P2) € II;: by lemma 27, (IIW([T], P; P2))N
IT; — T holds. Thus, by the definition of IT — T, (i) (ITW {([T], P;fP2)}) N111)(T") = novar(P5 P3)
and (ii) (ITN T3 )(T) = 0 hold.

Suppose s > PP,. Then, if s > Py P{' P, then

s> PLPrPy
= se [MPPPR)| (T {([T], Pf)}) N1L)(T) N novar (PLP; P,))]
= [T1(PLPfPs) | (novar(Pf P2) N novar(P Py Py))]

by the induction hypothesis and (i), (ii).

If s> PPfP, = L and s> P», then by lemma 12, s ¢ [novarPP{Ps]. Therefore s €
[T N novar Py P{ Py]. Thus, by the induction hypothesis, s > P, = 0 <= s € [['2(P) | (IIN
I2)(T) N novar(Py))].

Consequently,

N
— se[I1(PPfR) | T2(P) | (novar(PfPy)) N (novar(PL Py Py)) | (ILN1I2)(T) N novar(Py))]
because (novar(P;Ps)) N (novar(P1 Py Py)) < novar(P; Py)
= s e [[(PLPP) | Ta(P2) | novar(PyPy) | (ILN 1) (T) N novar(Py))]
since s > PPy, s € [novar(P; P,)] by lemma 12
<— Ssc [[Fl(Plpl*Pg) | FQ(PQ) | ((H N HQ)(T) N TLO’UCLT(PQ))H

Conversely, if s € [I'1(PiPP2) | T2(Py) | (IINT2)(T) N novar(Py))], then by lemma 12 and 23,

s € [novar(P; Py)]. Therefore s> P; Psy.
a
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Proof. (Soundness and Completeness of Pattern-matching)

We prove the following stronger statement: if Il - T ~ P = I';II’ and II qu T, then dom(T") =
var(P) and for each = € dom(T"), [['(x)] = R(z, T, P) \ R™"(x, T, I N IT").

The proof proceeds by induction on the derivation of II =T ~» P = T";II'. We proceed by case
analysis on the final rule in the derivation.

Case (RP-Mem):
Immediately follows from the definition of (RP-Mem): R(z, T, P)\R™*™(z, T, II N {([T], P)}) =
R(z, T,P)\ R(z, T,P) =0 =T(x).

Case (RP-Const):
Case (RP-Rep):
Trivial since dom(T") = 0.

Case (RP-Seq-Choice):
(P1|P2)P3 Py P3| Py Ps . . .
Suppose I © " * 7. Then II ~ X~ = T also holds. By the induction hypothesis, I'(z) =

R(z, T, P; Py | PoPs)\R™™(z, T, I N II'). Tt is obvious that R(z, T, (P | Ps)Ps) = R(z, T, P; Py | PoPs).

Case (RP-Seq-Const):
Case (RP-Seq-Seq):
Similar to (RP-Seq-Choice).

Case IFT ~ x as P/ = I} 11 :

By the definition of I1 * %' T, (ILNI)(T) = 0 hence R™™(z, T,z as P') = 0.

By the definition of (RP-Seq-Choice), Il = T ~» P’ = I'';II' where I' = " W {z : I'(P") N T'}.
Therefore I'(z) = I"(P') N T < novar(P’) N T. On the other hand, R(z, T,z as P') = {s | s €
[T]As>P'} = [novar(P)NT]. Thus [I'(z)] € R(z, T,z as P’). Conversely, if s € [novar(P")NT],
then by lemma 29, s € I'(P’). Therefore I'(x) = R(z, T,z as P’).

For other y € var(P'), the statement immediately follows from the induction hypothesis.

Case (RP-Seq-Bind):
(z as P1)P:

By the definition of IT ' ba T, (IINIT')(T) = 0. As a result, R™™(z, T, II N II') = (.
Suppose IT - T ~» Pi(y as P») = I’";II'. Then, by the induction hypothesis, [I"(y)] =
R(y, T, P;(y as Py)) \ R™™(y, T, I N II"). Meanwhile, since y does not appear in P; P> and in
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I, R™e™(y, T, II N IT") = (). Consequently,

R(z,T,(z as P;)P2) = {0(z)|s€T As> (rvas P)Po=0(#1)}

by the definition of (M-Seq-Bind)
= {t|t e[T)Nt € R(y, T,P;1(y as P2)) ANtt' > Pi(y as P»)}
R(y, T, P;(y as Py)) = [I"(y)] by the above discussion
= {t|t e[TInt € [I'(y)]Att' > Pi(y as Po)}
by lemma 7
= {t|t e[T)At e[V (Y] At> PLAt >y as Pa}
by lemma 29
= {t[t" e [TInt' e [Tyl At e [I"(P)]}
{t[te[TT'(y)~ [ At e [(P)]}
[T'(P) N TT(3)"1]
- r@]

Case (RP-Choice):
By the definition of (RP-Choice), [T+ T ~ P; = I'1; 11 and IT F T'Nnovar(Py) ~ Py = T'y; 115
where I'(z) = T'1(z) | T2(x) (Y € dom(T")), I = II; U IIa. Therefore,

R(z,T,P; | Py) = {0(z)|se[T]As>P|P=0(#1)}

= {0x)|se[TIN(s>Pi=0(#L)V(s>Pr= LAs>Po=0(#1))}
by lemma 12
= {0(x)|se[T]A (s> Py = 0(# L)V (s ¢&[novar(P)]\Ns> Py = 0(# 1))}
= {0(z)| (se[T]As> P =0(#1))V(se[TNnovar(P)]As>Py=0(# 1))}
= R(x,T,P;)UR(x, T Nnovar(Py), P2)

On the other hand,

[T()]

[Ty (z) | Ta(2)]

by the induction hypothesis

(R(z, T,P;)\ R™"(z, T, I N1II;)) U (R(x, T N novar(Py), P2)\ R™"(z, T, II N II3))
(R(z, T, P1)U R(z, T N novar(Py), P2)) \ (R™"(z, T, II N II;) U R™™(z, T, I N Il))
(R(z, T, P;)U R(z, T Nnovar(Py), P2)) \ R™™(z, T, II N (II; U Ily))

R(z, T, Py | Po)\ R™™(x, T, II N IT")

Case (RP-Seq-Rep):

By the definition of (RP-Seq-Rep), IIW {([T], P P2)} = T ~ (PiP{)P, = T'1;11; and II -
T N novar(P Py) ~ Py = T'9; Il where II' = IT U Ils.

There are two possibilities with respect to IT;. (1) ([T7], PfP2) ¢ I1;: in this case, similar discus-
sion to the case of (RP-Choice) holds. (2) ([T], P;fP2) € I;: in this case, (IIW([T], P P2))NIl; — T
by lemma 27, therefore, by definition, (i) R™™(x, T, II N II;) = () and (ii) novar(P;)~'T =T.

Since R™"(z, T, II W ([T], P{P2)N1l;) O R(z, T, P;Py), we can conclude that, by the in-
duction hypothesis,

[Ty (x)] = R(z, T, Py PiPy) \ R™™(z, T, I1 & ([T], PtPs) N II;) =0
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holds for I'y. Thus I'(z) = I'y(z). Furthermore, R(z, T, P;P2) \ R™™(z, T, II N (II; UIlp)) =
R(z, T, PtPs)\ R™™(z, T, II N II5) by (i).

Suppose s > P, = 60(# 1) and s> PfP» = 6/(# L1). Since we assumed patterns being
standardized, which implies € ¢ novar(P1), (a) s> P1Pf P, = L and (b) 6'(z) = 6(x) are concluded
by the definition of (M-Seq-Rep), (M-Choice) etc.

By (b), if s> P, = 0, then s> PPy = 6. Thus R(z, T, P2) C R(z, T, P;Ps). Meanwhile,
R(z, T, P;Ps) C R(z,novar(P)~1 T, Py) by lemma 24. Therefore R(z, T, P;Ps) = R(x, T, Py)
since (ii) suggests novar(P;)~'T =T.

By (a) and lemma 12,

R(z,T,P3) = {0(z)|se[T]As>Py=0(#1)}
{0(z) | s € [T] N s ¢ [novar(PLP{fP)]| Ast> Py = 0(# 1)}
R(z, T N novar(P; P Py), Py)

holds. From the above-mentioned discussion,

R(z,T,P{Ps)\ R™"(z, T, II N Ily) = R(z, T N novar(P; PiPy), Ps)\ R™"(z, T, Il N II)
is concluded, which exactly agrees with [['y(z)] (therefore [I'(z)]) by the induction hypothesis.
d
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