S e DERRER2
— N EBRIE IR —

2007



SHHEBDERMA - ERERE(TRE)

° 1:5'7%1? A4 :

JO9 S LR -ETTDELREZDLEDIC
LWL ARILTEZLNS,

o INERRY

70T 5 L0 F> TS M E OREED L Hk%E
BT HTEMTED, RFICEDEHRZET O
SLWEZTDENERILT DA EESZAD.

o RITHY:

T07 S LICH BT HEFRGTFE (e.q., BED
#52%, TOUSLDOEFEMGET I,



NG EDRESERE
AR T7AT7(1)

TR T EmEBAYER B (assertion) | BB RIS

e RFloydM7O0—Fv—FEEZEDLK/—FDHIE J

1 (pre-condition) & 55 1& 55 44 (post-condition) Z
A—H([ZEME,
(1) BRIEEIRILTHEREL, D
(2)/—FDETHHERT 9 5%bIL, T TRAIL
JTAHEREHZR/—FOERTEHAEZTR
L1=(1967),
e (1) (2)ICE2T. EREHDRILZAIRT S
_&F . 705 .L0IE A% (correctness)

M &EBA(proof) 3 H LM LR EE (verification) EFES, ik

o EFETD/—FEFEDTUVEDD/—FEHT E30
TEAGEEMRAIEH-ANIL BHRD/—F
(P IN—NEELTO—Fr—rSEDE
kI1Z525ZEMNHES,




FERRERE KR TATT7(2)

e C.AR. Hoareld. R.Floyd®7& %8 % Pascal/Algol & 7D
MR FTEBICHLTAZL, EETHINLG/EM
FEIZ. REOHERRAZE5Z D5 EITRIILE
(1968),

e CONERIX. TOTSLDXEZTZDEEHEIR
2 ZHHAAA T, XHEZ T RIS 3T R Y (formal
objects)EL TR Z D LIIZLI=T=8 . KE&E I TEZD
BODEZEDORANLGHREIZ, KE J%ﬁﬂ“b’&%i?‘:o

o HIIZEELT=. B{ERMIEKREGHDBG. Plotkin[Z&k>TXE
Zformal objects&EL TR A DHEKDIZLT=D (X, Hoare
DEFICESIESANKEL, ~BEFELES

IO




BB ELZAIMPOTOS S A

Here is a program in IMP to compute 2 1<m<100M (The

notation 2 ,_._;,0M means 1+2+-+-+100).

S:=0;
N:=1;

(while 7(N=101)doS:=S+N;N:=N+1)
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S:=0;N:=1;
{S=0AN=1}
(wWhile 7(N=101)doS:=S+N;N:=N+1
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We want a method to justify the final comment
S:=0;N:=1

{S= 0AN=1}
(while 7(N=101)do S:=S+N;N:=N+1

‘{S = 2 <me100 m}l
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We want a method to justify the final comment

S:=0;N:=1

{S=0AN=1}
(while 7(N=101)doS:=S+N;N:=N+1
HS= Ziqnaem A N=101} |
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1A1C{B}

for all states o which satisfy A if the execution of
¢ from state o terminates in state o’ then O’
satisfies B.

{A}c{B} means that any successful (i.e.,
terminating) execution of ¢ from a state satisfying
A ends up In a state satisfying B.




IL—T A Z A (loop invariant)

We can look and see what the values of S and N are the first

time round the loop, S =1, N = 2. And the second time round
the loop S=1+ 2, N =3-++and so on, until we see the pattern:
after the i-th time round theloopS=1+2+===+1and N =1
+ 1. From which we see, when we exit the loop, that S=1 + 2
+==++100, because when we exit N = 101.

 JL—TDIBFEY EER DY
S=1+2+3+ ="~ +(N—1)
b\m_ﬁé JnlistNyb\? uly) 7A%1T':'
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E8 4 1IE 214 (partial correctness)

O Assertions of the {A}c{B} are called partial correctness
assertions because they say nothing about c if it fails to
terminate.

BIELEHELTRODESIBETOAYSLCEZERSD:

C = while true do skip.

C DERITIFEDIIITRENGIZDTH., BT LAY,
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{true}C{false}
simply because the execution of ¢ does not terminate.
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7 BA FA & & (assertion language)

. TOUSLONREERRT 2O OREICEESNE
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a=n|X|1|a,+a,|a,—a]a, X a
==L

n ranges over numbers, N

X ranges over locations, Loc

| ranges over integer variables, Intvar.
s INZFLEIC. ROLIGHREAZRASTHELTHT

A =true|false|a,=a, |a;<a, | AJAA | A VA | DA |
A=A, | ViA| TiA
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PREBEROHEENTTLD, (AFTEZSEDOIL)
o RAIZDWTERMIZERATNIE:
We can picture an assertion A as
A =|-—-j--—-j—
say, with free occurrences of the integer variable 1. Let a be an
arithmetic expression, which for simplicity we assume contains
no integer variables. Then
Ala/i] =|---a-—-a-—

IS the result of substituting a for i. If a contained integer variables
then it might be necessary to rename some bound variables of A

In order to avoid the variables in a becoming bound by quantifiers
In A— this Is how it’s done for general substitutions
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Hoare Logic (H#EZm#R 8I])

Rule for skip: {A}skip{A}
Rule for assignments: {B[a/X]}X = a{B}
Rule for sequencing: {A}c,{C} {C}c,{B}
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LT,

SEEE NN e
RIRERIEEE

{A}co; c,{B}

Rule for conditionals:

B5ZTW%,

{AAb}c{B} {AA—Db}c,{B}

{A} if b then c, else c,{B}

Rule for while loops: {AADb}c{A}
{A} while b do c{A A —b}

Rule of consequence:

A is loop invariant

= (A=A") {A'}c{B’} |=(B’=B)

{A}c{B}




AR Al 0D 1 A 451

o {B[a/X]} X:= a {B}
TlE. {22} X:=X+1{X=2}

o {??}ki=(m+n)/2 {m> k>n}
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As an example we show in detail how to use the Hoare rules
to verify that the command

W = (while X>0doY =X XY ; X:=X-1)

does indeed compute the factorial function n! = n x (n-1) X (n-

2) X === x2x1 with 0! understood to be 1, given that X =n,

a nonnegative number, and Y = 1 initially. More precisely, we
wish to prove:

{X=nAn>0AY=1}W{Y =n!}

To prove this we must clearly invoke the proof rule for while-
loops which requires an invariant 1. Take

| = (Y XXI=nlAX>D0).
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We show | is indeed an invariant i.e.

{I A X>0}Y =X XY ; X:=X-1{I}
7155 . From the rule for assignment we have
- D/XPX =X - 1{I}

where I[(X-1/X] = (Y XX -1D!'=n!A(X-1)>0).
In by the assignment rule:  I[(X —1)/X] [(X X Y )/Y]

XX Y X(X-DI=nAX=1) >0}V =Xx Y;X := (X - D){I}.
learly \

IANX>0=>YXXI=nIAX>0AX>0
=Y XXI=nlAX>1
SXXYX(X-1DI'=nA(X-1)>0.

| [(FFR BT T
AT®HoT=,
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Thus by the consequence rule
{IAX>0}Y =XxY; X:=(X-1{I}
establishing that | is an invariant.

Now applying the rule for while-loops we obtain
{13 W {IAX>0}.
Clearly (X =n)A(n>0)A(Y =1) =1, and

IAXZFO0=2YXXI=ntAXZ=0AX#0
=Y XXlI=nlAX=0
=Y X0l=Y =n!
Thus by the consequence rule we conclude
{X=nA(Y=1)}W{Y=n}

Y
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AT®HoT=,




Exercise 6.13 Prove, using the Hoare rules, the correctness of
the partial correctness assertion:

{1<N}

P:=0;

C:=1;
(WhileC<NdoP:=P+M;C:=C+1)
{P=M X N}

Exercise 6.14 Find an appropriate invariant to use in the while-
rule for proving the following partial correctness assertion:

fi=YYwhile =(Y=0)doY:=Y-1;X:=2xX/{X =21}
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