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* BIZOVWTOREZEZA (cf. HICDOWTOREH )
- Type operators

- Kinding
* BORAT LD
- F_: System F + type operators

-F, DEE (type equivalence and reduction)



°* ex. N (@) abbreviation
PairYZ=NX(Y—=Z—-X)-> X,

¢ HZRITHOTEZRITEMEATT

AYAZV X (Y->Z-X)- X,
(AYAZNV X (Y->Z-X)-X)ST
VX(S>T-X)-X;

o T AT LA MR EBHTES
- IHIZAAWLWG N TLV= notation i FF

Pair
Pair ST




Definitional Equivalence(1)

* Type operator (XEICE D LHRLETRIRZFAIREIZT

2

*eX. ld=AXX

Nat — Bool  Nat— Id Bool Id Nat — Id Bool
Id Nat Bool Id(Nat— Bool) 1d(1d(1d Nat— Bool))

- LIZETRILEZRY

o “NLMDEIHEH
L7=0»

ThHdHEE Typing DIRIZEEH



* RICEESLOBICHRYIIDOER (=) 28R

=# (3 figure 29-1 M” Type equivalence” [Z
(O— APPABS)

(

- (AX KT ) T=[X-T,|T,
o " [ZDUNTIF MR
* (=) ARYILDE5 typing DIERZEED D

- TI'|-t:§ S=T
I'—F
I'—¢:T ( 0)




* Type operator H

FAUNASILE 3k e

H5
- ex. (Bool Nat)

ER9T A ED

* XK EYIDEI MDA - TERIESAR

- EDIEETEOR



* Kind DEZ
K = kinds
* kind of proper types
K=K kind of operators

* Proper type: IRZXEIRICHERTHE

* Kinding @45
- * «-+ Bool, Nat->Bool, VX. X=X, (AX.X->X)Nat
- *=% e AXXX, Pair Nat
- X%k wa e AXAY. XY, Pair
- (¥*=*)=* -« AX.X Bool



* Ill-formed 73 & & IR (& kinding TE73&LY
- Kinding @ rule & figure 29-1 " Kinding” 1=

EHIZT 58

¢ SLAHMEORBERIC kind £HEZ 3
- well-kindedness D F T vo %
- ex. Pair

Pair=AY::x. AZ::x. VX (Y->Z-X)-X;



EED S EIZH 15 Type Operator

s WEDEEICODLWTIFRDBETEZEZZNIE+H
- BHOBROBZTSMRELHD

* ML O type operator #HE
- eX. type 'a tyop = Tyoptag of (‘a -> 'a)

- AIRBZZHMIZEZTEAD (L variant D H
* %3 tag B OKDTHRF Iy A E




e F DREICEFT A
- A . BHEEHE + type operator
- Syntax & rule (& figure 29-1 (2




* Kinding ME A
- T-T::K = XERCIZBLTE T [Ekind K Z#D

o M well-formedness DiEE
r—-7,::« I, x:T|-t,:T,

(T—ABS)
I'-Ax:T,.t,:T,—T,

- term D EFEZ $d proper type 2+

* Definitional equivalence
I'~t:S S=T T|-T::*
I\—t:T

- BI{FIF Al ge7RIE (& kinding Al Re/G ! %= 4D

(T-EQ)



e F : A [Z universal types Z &1

- Syntax & rule (& figure 30-1 (2
» (% )F [ existential types Z &/

- Syntax & rule (& figure 30-2 [Z



* PairSig = {3Pair::*=*=%*,
{pair: ¥VX. VY. X>Y->(Pair X Y)
fst: WX. VY. (Pair X Y)=X,
snd: VX. VY. (Pair X Y)>Y}};



F with Existential Types M1 (2)

° pairADT =
{*AX. AY. VR. (X»Y=>R) » R,
{pair = AX. AY. A:X. Ay:Y.
AR. Ap:X=>Y=>R. p x,
fst = AX. AY. Ap: VR. (X»Y->R)=R.
P[X] (Ax:X. Ay:Y. X),
snd = AX. AY. Ap: VR. (X2Y=>R)=>R.

PIY] (AX:X. Ay:Y. y)}}
as PairSig;




* let {Pair, pair} = pairADT in
pair.fst[Nat][Bool] (pair.pair[Nat][Bool] 5 true);
- 5: Nat



« LU, F OHEICONTHAS

- Existential type & Z %5y



* Lemma 30.3.1 [Strengthening]
If T',x:S,A|l—T::K,thenl ,A|-T::K

* Proof: kinding MES{& I term D ZE AR R
&FLELY,



°* Lemma 30.3.2 [Permutation and Weakening]

- XAk A %, XAk T, @ well-formed 7 permutation &9
B, _DEE

- IfT|-T::K, thenA|-T::K
- If I'|—¢t:T, thenA|l—t:T
* Proof: EHI(ZRAT BIRHNE,




* Lemma 30.3.3 [Term Substitution]
- IfI',x:S,Al—-t:TAT|—s:S,
then ,Al—|x—s|t:T

* Proof: EHIZET BIRHAE,
- T-ABS, T-EQ IZ Strengthening Z#FL\5
- T-ABS, T-TABS I Permutation % FL 3
- T-VAR [Z Weakening A5




Basic Properties(4)

* Lemma 30.3.4 [Type Substitution]
~ 1, IfT,Y: J,A~T::KAT|-S::J,
thenI,|Y > S|A|-|Y->S|T::K
- 2. If T=U ,then|Y - S|T=|Y->S|U
-3. IfI',Y::J,Al—t:TAT|-S::J,
thenI ,|Y > S|A|-|Y > S|t:|Y—-S|T
* Proof: EHIZEHT HIRHNIE,
- K-TVAR & T-VAR (= weakening (&>
~ Q-APPABS IZ[&. [X=[Y+S]T J([Y+SIT ) &[Y~S]
([X>TIT,) HELTHDEEES




e definitional equivalence IZ{l =1 =
- Xt #R4E (SYMM) AV
* reduction MEEREY LG &3
- #7812 (TRANS) HZELN

- APPABS [ B fi#IERIRFIZRE R reduce TES
* Diamond property(Lemma 30.3.8) &L=

¥#A(Z Figure 30-3 IZ




Type Equivalence and Reduction(1)

* Lemma 30.3.5( ETHH#FZRIEAE )

- S=Tiff S&'T
* Proof:

- < B,

- = :S=T DEH( Q-TRANS TEMNT-GH

S=S =S =+ =S =TI[CEZTH|AbND, HPDEE

H S =S A% Q-SYMM £ B IFHE5&512, BEH
TE5H,




* Llemma 30.3.6
- If S=8",then|Y ->S|T=|Y—>S'|T foranytypeT

* Proof: T MIEEIZET HIRIAE




° Llemma 30.3.7

- If S=>S'AT=T"' then|Y - S|T=|Y—>S'|T'
* Proof: T=T' MEHIZEHT HIRHIE,

- QR-REFL [ZI& Lemma 30.3.6 {5

- QR-APPABS [£R D &S5(2#<E &KL

T=AX::K,,.T,)T,, T'=[X—>T,]T,
with T, ,=»T,,", T,=»T,’



Type Equivalence and Reduction(4)

* Lemma 30.3.8 [Single-step Diamond Property of
Substitution]

S
- If S=TANS= U, then there is T% \U
some type V such that T= VANU=V \ ¢

v
* Proof: #8(S=T, S=U) OEH (i T HIRINE,
- MEHARLC rule #ALVTULVS1EE (ex. QR-ARROW)

S, =T, S,=T, S =U, S= U,
§$,—=8,=T,—-T, S —=58,=U,—-U,




* Proof( =)

JFNEDIRTE KV
S S
N ¢Z N7
V1 \'A
£2T
I'=V, 'V, U=V, U,»V,

r—-r=sVv-r, U—U,;=V =V,



Type Equivalence and Reduction(6)

* Proof( =)
- — AN QR-APP T{th 5 A QR-APPABS D55

5, =T 5,= T, 5,=U,, 5,=U,
S S,=T,T, (AX::K.§,)S,=|X-U,|U,,
S, (i?la’f RIZD o, wEDIRE XY
Y \xx KU Y %
N\ / "\ /
v, v,

[X—-UJU =(AX:K.U U, fZhb
T =V, TV, AX:KU/,=V, U,=T,
T T=1VV, (AX::KU,)U,=V .V,




Type Equivalence and Reduction(7)

* Lemma 30.3.9 [Confluence, Church-Rosser
Property]

- IfS=STAS=U,
then there is some type V such that T ="V AU =V

* Proof: Lemma 30.3.8 ® diamond Z4&FIRIZHEH
ahtEnldkly,
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Type Equivalence and Reduction(8)

* Proposition 30.3.10

- IfSe'T,
then there is some U such that S = UAT =U

* Proof: S& T XY, HHEVMHREFEELT,. V=S Hh
D V="THAKYIID, ZZT Confluence ALY

Ao Y
Z \\
N 2
U

 Definitionally equivalent 7 types (&3 & M reduct

D




* Chapter 30 Dfi=
_ Fwd)'l‘if'é (preservation, progress, decidability)

- B X7 LD hierarchy
- Dependent types



